Abstract. We derive the aggregate normalized CES production function from ideabased microfoundations where firms are allowed to choose their capital-and laboraugmenting technology optimally from a menu of available technologies. This menu is in turn augmented through factor-specific R&D. The considered model yields a number of interesting results. First, normalization can be maintained simultaneously at the local and at the aggregate level, greatly facilitating interpretation of the aggregate production function's parameters in terms of the underlying idea distributions. Second, in line with earlier findings, if capital-and labor-augmenting ideas are independently Weibull-distributed then the aggregate production function is CES; if they are independently Pareto-distributed, then it is Cobb-Douglas. Third, by disentangling technology choice by firms from R&D output, one can draw a clear-cut distinction between the direction of R&D and the direction of technical change actually observed in the economy, which are distinct concepts. Finally, it is argued that the Weibull distribution should be a good approximation of the true unit factor productivity distribution (and thus the CES should be a good approximation of the true aggregate production function) if a "technology" is in fact an assembly of a large number of complementary components.
Introduction
The starting point of the current paper is an idea-based "endogenous technology choice" model where the aggregate production function is derived as a convex hull of local production functions (LPFs), chosen optimally by profit-maximizing firms. Each of these local techniques is in turn characterized by a pair of technology-specific unit factor productivities (UFPs), (a, b) . This model has been first put forward by Jones (2005) and then extended in two subsequent papers by Growiec (2008a Growiec ( , 2008b . 1 Jones (2005) assumed that firms producing the final good draw both these UFPs randomly from a pair of independent Pareto distributions, so that their technology choice is optimal only on average, or in the limit when sufficiently many draws have been made. Growiec (2008a) rewrote the model in a form that yields equivalent results, but enables the firms to pick their preferred pair (a, b) deterministically from a given technology menu. The stochastic technology-search process has thus been shifted to an R&D sector. This sector is then assumed to be composed of a continuum of researchers who draw the (a, b) technology pairs from a certain pre-defined joint bivariate distribution -either a pair of marginal Pareto distributions dependent according to the Clayton copula (Growiec, 2008a) or a pair of independent Weibull distributions (Growiec, 2008b) . In both versions of this idea-based model, the shape of the resultant convex hull is found to depend, in general, both on the assumed shapes of LPFs and on the assumed joint distribution of UFPs.
Based on the above assumptions, these three papers have succeeded in providing idea-based microfoundations for Cobb-Douglas and CES aggregate production functions. They overlooked a few important implications of the model, though, likely due to its somewhat cumbersome parametrization and a few unnecessary implicit assumptions. The current contribution identifies these gaps in these papers and fills them, ultimately indicating that the model put forward in those articles has much more explanatory power than it was uncovered so far. It provides thus a sound justification for the use of (normalized) CES production functions in macroeconomics as well as a hint regarding the distinction between directed R&D and the actual direction of technical change in the economy.
Two decisive changes in the model setup have been made as compared to the earlier contributions by Jones (2005) and Growiec (2008a Growiec ( , 2008b . First, we have rewritten the model in terms of normalized CES functions (cf. La Grandville, 1989 ; Klump and La Grandville, 2000) . Thanks to this step, we are now able to obtain an interpretable link between the parameters of the microfounded aggregate production function and of the bivariate UFP distribution. The reason is that under normalization, CES production functions' parameters represent separate concepts which are otherwise deeply intertwined: e.g., the distribution parameters of the un-normalized CES function are themselves functions of the elasticity of substitution and the normalized volume units (cf. Klump and Preissler, 2000) . This in turn greatly obstructs estimation of these two parameters and subsequent comparative statics exercises. 2 Second, we have removed the assumption implicitly made in Growiec (2008a) , that technological progress can only be obtained by augmenting the technology menu proportionally, as a homothetic transformation from the origin. 3 As we shall see shortly, this assumption can be easily generalized, allowing for directed factor-augmenting R&D (e.g., in line with the directed R&D model of Acemoglu, 2003) , 4 able to expand the technology menu in selected directions more than in others. This overturns some of the sharp predictions on the direction of technical change, put forward by Growiec (2008a) . On the other hand, it also helps understand an important distinction, not mentioned in the earlier contributions: direction of R&D (i.e., direction of expansion of the technology menu) is typically not equivalent to the direction of technical change actually observed in an economy because the evolution of firms' technology choices may not mirror the direction of augmentation of the technology menu.
The results obtained in the current paper are the following:
• Normalization with respect to initial inputs K 0 , L 0 , output Y 0 and the initial capital income share π 0 , can be maintained simultaneously at the local and at the aggregate level, greatly facilitating interpretation of the aggregate CES production function's parameters in terms of the underlying idea distributions.
• In line with the findings of Growiec (2008a,b) , if capital-and labor-augmenting ideas are independently Weibull-distributed, or Pareto-distributed and dependent according to the Clayton copula, then the aggregate production function is CES. In line with Jones (2005) , if they are independently Pareto-distributed, then the aggregate production function is Cobb-Douglas.
• By disentangling technology choice by firms from R&D output, one can draw a clear-cut distinction between the direction of R&D and the direction of technical change actually taking place in the economy, which are unambiguously distinct concepts. In the CES case with factor-augmenting technical change, these two concepts will be equivalent only along the balanced growth path in the unique case when it exists, that is when both R&D and technical change are purely labor-augmenting and when factor income shares are constant across time. This requires highly specific assumptions on the R&D process. Otherwise, the direction of R&D and technical change must diverge. In the Cobb-Douglas case, in turn, the direction of R&D does not have any impact on the direction of technical change. Labor-augmenting technical change always follows changes in output per worker y, and capital-augmenting technical change always reflects changes in output per unit of capital, y/k.
We also provide an argument why the assumption of Weibull distributions of UFPs (first suggested by Growiec, 2008b , but without any economic justification) may actually not be as far-fetched as it seems, and in fact approximate the true productivity distribution better than any other distribution, including the celebrated Pareto distribution (see Kortum, 1997; Jones, 2005 , and references therein). The argument is based on the extreme value property of the Weibull distribution (cf. Kotz and Nadarajah, 2000; de Haan and Ferreira, 2006): if one takes n independent draws from some distribution that is bounded from below and satisfies an additional technical assumption (for instance, this could be the Pareto distribution) and takes the minimum of these draws, then as n → ∞ this minimum will, after an appropriate normalization, converge to the standard Weibull distribution with a shape parameter α > 0, dependent on the shape of the underlying sampling distribution. This corresponds to the case of complex technologies consisting of a large number of complementary components (cf. Kremer, 1993; Blanchard and Kremer, 1997; Jones, 2011) so that its productivity is determined by the productivity of its "weakest link". If every new capital-or labor-augmenting technology, summarized here by b or a, respectively, added to the technology menu through R&D, is in fact such a complex technology, then we have a strong argument why UFPs should be Weibull-distributed.
The remainder of the paper is structured as follows. Section 2 derives the normalized CES production function from idea-based microfoundations. Section 3 shows how the static technology-choice framework can be embedded in a dynamic growth model and discusses the implications for the direction of technical change. Section 4 deals with the Cobb-Douglas case, demonstrating the key differences in comparison to the normalized CES case. Section 5 discusses the conditions under which UFPs should be approximately Weibull-distributed. Section 6 concludes.
2 Microfoundations for the aggregate normalized CES production function
Framework
The framework is based on the following assumptions.
Assumption 1
The local production function (LPF) takes either the normalized CES or the normalized Leontief form:
where θ ∈ [−∞, 0) is the substitutability parameter, related to the elasticity of substitution via σ LP F = 1 1−θ . Leontief LPFs, with σ LP F = 0, are obtained as a special case of the more general normalized CES class of LPFs by taking the limit θ → −∞ (we denote this case as θ = −∞ for simplicity).
is the capital income share at t 0 . The LPF exhibits constant returns to scale.
This specification assigns benchmark values not only to output, capital and labor (Y 0 , K 0 , L 0 ), but also to the benchmark technology (b 0 , a 0 ). In the following derivations, this benchmark technology will be identified with the optimal technology at time t 0 . By assuming θ < 0, or equivalently σ LP F < 1, we concentrate on the likely case where LPFs allow little substitutability between inputs. More precisely, capital and labor are assumed to be gross complements in the LPF. Please note that all results derived in this paper go through also in the limiting case of Leontief LPFs, where inputs are fully complementary. The CES specification of the LPF is thus not necessary for an aggregate CES production function to obtain.
Assumption 2
The technology frontier in the (a, b) space is given by equality
The technology frontier is understood as a contour line of the cumulative distribution function of the joint bivariate distribution of capital-augmenting ideas b and labor-augmenting ideas a. A formal justification for this assumption will be provided in the following sections. The key point is to obtain the technology frontier from the individual (marginal) distributions of b and a. Under independence of both dimensions (so that marginal distributions are multiplied by one another), eq. (2) obtains if and only if the marginal distributions are Weibull with the same shape parameter α > 0 (Growiec, 2008b):
Equation (2) can also be obtained for Pareto distributions of a and b, provided that the pattern of dependence between both marginal distributions is modeled with the Clayton copula (Growiec, 2008a) . Its functional form has been first postulated by Caselli and Coleman (2006) , but without any justification. 
In what follows, we will assume N to be constant across time, and λ a , λ b to grow as an outcome of factor-augmenting R&D.
The case where a and b are independently Pareto distributed leads to a different specification of the technology frontier and will be considered separately in the following section. If they are Weibull distributed but dependent, or independent but following some other distribution than Pareto or Weibull, the resultant aggregate production does not belong to the CES class and will not be considered here.
Assumption 3 Profit-maximizing firms choose the technology pair (a, b) optimally, subject to the current technology frontier:
Factor remuneration rK + wL, taken account in the firms' profit maximization problem, does not depend on the chosen technology pair (a, b) so it can be safely omitted in the above optimization problem. Finally, second order conditions require us to assume that α > θ, so that the interior stationary point of the above problem is a maximum (see Growiec, 2008a) . For the resultant aggregate production function to be concave with respect to K and L, we need to assume furthermore that α − θ − αθ > 0. All these conditions are satisfied automatically in the case α > 0 > θ, on which we concentrate here. As we shall see shortly, in such case, capital and labor are gross complements in the aggregate production function.
Assumption 4
The following parameter restrictions hold: α > θ and α−θ −αθ > 0.
In the case of Leontief LPFs, these conditions are automatically satisfied.
Technology choice and the aggregation result
Our framework provides direct results on the firm's optimal technology choice. First, at time t 0 , when
is assumed, the optimal choice is:
where λ a0 and λ b0 are the values of λ a and λ b at time t 0 , respectively. Values of a * 0 and b * 0 will be used as a 0 and b 0 in the normalization at the local level in all subsequent derivations. 6 In the case of Leontief LPFs, optimization requires
For any other moment in time, the optimal technology choices are:
where
is substituted with −α in the case of Leontief LPFs (θ → −∞). Inserting these optimal technology choices into the LPF, we obtain the following result.
Proposition 1
The aggregate production function takes the normalized CES form:
Hence, the normalized CES result obtains both in the case of CES and Leontief LPFs. It is also worthwhile to comment on each of the parameters of the aggregate production function, because they have a sound interpretation:
• the elasticity parameter is ρ = . Endogenous technology choice increases substitutability between production factors visà vis the LPF;
• the distribution parameter is π 0 = r 0 K 0 Y 0 the multiplicative constant term is Y 0 . Hence, thanks to normalization, both these parameters are equal to the respective parameters of the LPF;
• the constant parameter N does not appear in the aggregate production function,
• the capital-augmenting factor b present in the LPF is replaced by the capitalaugmenting parameter of the technology menu λ b in the aggregate production function, both at time t 0 and at the current time. The same applies to laboraugmenting factor a and the respective parameter λ a .
The last two findings are a corollary from the fact that the technology frontier defined in Assumption 2 is a curve in a two-dimensional space, parametrized by three parameters λ a , λ b , N . In the current article, we assume N to be constant and λ a , λ b to be time-varying; one could easily reparametrize the technological frontier, though, fixing either λ a or λ b and thus allowing N to vary. In such case, the ratio N/N 0 would appear in equation (7) and the fixed parameter (λ a or λ b ) would drop out. One could also (redundantly) vary all three parameters simultaneously. See the discussion in Section 3.
Hence, if directed R&D results in the growth of λ a and λ b (with N kept intact), it will finally appear as a multiplicative term in front of the respective factor of production in the aggregate production function. As it will be shown in the following section, growth in λ a or λ b ought not to be confused with the actual factor-augmenting technical change, that is growth in a and b: already from equations (5)- (6), one sees that these two types of entities are generally not proportional to one another.
We also note the following straightforward corollary.
Corollary 1 Assuming that factors are priced at their marginal product, the capital and labor income shares are equal to, respectively:
The above factor share formulas are instructive as regards the expected direction of their change: this direction is strictly determined by the growth rate of λ b K relative to λ a L. If both growth rates are equal, the capital income share will remain constant at π 0 . If λ b K grows faster, then due to gross complementarity αθ α−θ < 0 , capital's income share will gradually fall to zero over time; it will gradualy rise towards unity if λ a L grows faster. Hence, endogenous technology choice does not overturn any of the standard results identified in earlier literature. 8 
Implications for the direction of technical change
Given the static character of the endogenous technology choice on the side of firms, it is straightforward to embed this choice problem in any dynamic growth model. In particular, one may assume additionally that there are no interactions between technology choice and factor demand on the side of firms. In such case, one could simply use the aggregate production function specified in (7) as is, and put forward a model where increases in λ a and λ b follow endogenously from directed R&D (cf. Acemoglu, 2003) . Depending on the assumptions of the embedding growth model, generally any direction of R&D could be obtained as an equilibrium. (Albeit perhaps only some of them would be useful for an economist.)
In the following subsections, we shall discuss a few examples of growth models that can be used as such embedding structures.
3.1
The requirement of existence of a balanced growth path, Harrod-neutral R&D, and purely-augmenting technical change
Partly due to some "stylized facts" frequently quoted in the literature, and partly due to analytical convenience, it has become customary to assume that the economy follows a balanced growth path -or at least converges to it. It should be emphasized that such an assumption is a very stringent, knife-edge one, though (cf. Growiec, 2007) , requiring in particular that the aggregate production function be Cobb-Douglas or technical change be purely labor-augmenting (Uzawa, 1961) .
A seminal example of a setup that gives rise to a balanced growth path with purely labor-augmenting technical change is due to Acemoglu (2003) . It can be straightforwardly used as an embedding structure over our technology choice framework. The production functions for factor-augmenting shifts in the technology menu will then be captured byλ a = f a ( a )λ a andλ b = f b ( b )λ b where a and b will be the fractions of population engaged in labor-and capital-augmenting R&D, respectively, and f a , f b -some smooth increasing functions. Such a model is scale-free. An analysis of the model's implications, both in the social planner allocation and the decentralized equilibriumà la Acemoglu, uncovers the fact that the economy will converge to a balanced growth path where:
and thus (i) R&D is Harrod-neutral, i.e., directed toward labor-augmenting developments only (λ b = 0), (ii) actually observed technical change is also purely laboraugmenting (b = 0), (iii) factor income shares are constant at π 0 and 1 − π 0 , respectively. Hence, in this very specific framework where linear technology equations in both R&D sectors, and no intrasectoral spillovers between both sectors are allowed, technical change will necessarily follow the direction of R&D on an one-to-one basis. Further analysis shows that the capital-and labor-augmenting idea production functions used in this directed R&D model can made slightly more general without altering any of the above predictions. This would happen if one allowed mutual spillovers between both R&D sectors, yet also imposed a particular knife-edge condition on their strength (measured by partial elasticities). This result has been obtained by Li (2000) , for a somewhat different two-R&D-sector model, which is however identical to the current one in its reduced form (that is, after stripping its solution to a system of dynamic equations governing the dynamics of its variables).
What is much more important, however, is that for every other reduced-form specification of the growth model, the above balanced-growth-path result must fail. Hence in the typical case, technical change will not be purely labor-augmenting, it will not reflect the direction of R&D, and factor income shares will not be constant across time.
Hicks-neutral R&D
Let us now pass to another specific case, the one implying that the R&D affects the technology menu in a Hicks-neutral way, i.e., it is not biased towards any of the sectors. Though it is as parsimonious as the Harrod-neutral case discussed aboveobtaining this also requires one to make a certain knife-edge assumption -it provides us with another benchmark case to which we can compare the results for all nonneutral cases.
Hicks-neutral R&D has been considered in a very similar endogenous technology choice framework by Caselli and Coleman (2006) and Growiec (2008a) , who implicitly made the assumption that factor-augmenting idea distributionsã andb should evolve proportionally. In our current setup, this would be reflected in the assumption that at all times t, the ratio λ a /λ b is kept constant, and thusλ a =λ b .
10 Again, one obtains such a result only in a certain knife-edge case. For example, R&D is unbiased for all t in a dynamic model
, and hence by assumptionλ a =λ b .
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As argued above, Hicks-neutral R&D precludes existence of a balanced growth path. Most importantly, it also implies that technical change in the aggregate economy, determined jointly by the direction of R&D and firms' endogenous technology choices, is not Hicks-neutral. In particular, under the assumptions that (i) Hicksneutral R&D improves UFPs at a constant rate, so thatλ a =λ b ≡ g > 0, (ii) the economy is able to maintain positive growth rates of physical capital per worker k until infinite time, with lim t→∞ k(t) = +∞, technological change will augment both 10 Growiec (2008a) assumed that λ a and λ b were fixed, and proxied technological progress by growth in N instead. This is equivalent, however, in terms of the evolution of the technology menu over time, to keeping N fixed and varying λ a and λ b proportionately. An analogous assumption was made by Caselli and Coleman (2006) in the cross-sectional context: they allowed only N to vary between countries, keeping λ a and λ b fixed.
11 In a somewhat larger (yet, still very specific) class of models, R&D will be Hicks-neutral in the limit of t → ∞. The long-run results obtain within this section hold for such models as well.
factors of production in the long run, according to:
These results have been obtained by taking limits of optimal technology choices (5)- (6) under the assumption that k(t) → +∞. We have also used the inequality lim t→∞k (t) ≤ lim t→∞ŷ (t), because in the opposite case, y(t)/k(t) would be falling towards zero, ultimately violating the capital's equation of motion.
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Hence, technological change augments both factors of production in the long run: as opposed to the literature based on Cobb-Douglas production functions (including, e.g., Jones, 2005 who analyzes a setup similar to ours) -capital-augmenting technical change remains positive forever, too.
On the other hand, even if R&D is Hicks-neutral, endogenous technology choice introduces a bias in the direction of technical change, in favor of labor, i.e. the nonaccumulable input. Firms decide optimally to increase the UFP of labor faster than that of capital in order to adjust to ongoing changes in factor proportions, which are in favor of capital. This is natural given gross complementarity of both inputs.
The capital income share π is bound to fall gradually towards zero under Hicksneutral R&D, and thus positive capital-augmenting technical change, provided that the rate of capital accumulation is positive over the long run.
All other directions of R&D
In all other cases of directed R&D, implyingλ a =λ b andλ b = 0 over the long run, we obtain the following generic results.
• If λ b K grows faster than λ a L, thenŷ(t) →λ a (t),â(t) →λ a (t) andb(t) → λ b (t) + θ α−θk (t) with t. 13 The capital income share falls towards zero over time.
•
14 The capital income share increases towards unity over time. 12 Assuming furthermore that lim t→∞k (t) = lim t→∞ŷ (t) = g, it follows that lim t→∞b (t) = α α−θ g > 0. 13 Given thatk(t) ≤ŷ(t) for sufficiently large t, this case can only obtain ifλ b (t) > 0. 14 Ifk(t) =ŷ(t) in the long run andλ b > 0, then such a model would imply explosive dynamics, potentially achieving infinite output in finite time.
• If λ b K grows asymptotically at the same pace as λ a L, thenŷ(t) →λ a (t) = λ b (t) +k(t),â(t) →λ a (t) andb(t) →λ b (t) with t. 15 The capital income share tends to a constant.
Cobb-Douglas aggregate production function
Let us now show how to obtain the Cobb-Douglas production upon aggregation of local production techniques. It can be done within our framework very easily. The key assumption change relates to the distribution of capital-and labor-augmenting ideas; everything else can be preserved. This said, section 5 will argue why this change might be actually misleading. We think however that the Cobb-Douglas case is a useful benchmark for comparisons as it identifies a few concepts with one another, which are otherwise separate. Hence, by analyzing this case in detail, we shall see more clearly the advantages of the normalized CES approach.
Modification of the framework
Let us now replace Assumption 2 with the following one:
Assumption 5 The technology frontier in the (a, b) space is given by equality
This shape of the technology frontier is consistent with the assumption that a and b are independently Pareto-distributed, with shape parameters α and β, respectively (cf. Jones, 2005 ). In such case, N = 1 P (ã>a,b>b) .
Technology choice and the aggregation result
is assumed, the optimal choice is indeterminate, provided that
This restriction means that the capital income share at t 0 should be equal to β α+β . Thus, π 0 ceases to be a free parameter, and a 0 becomes a free parameter instead (b 0 is then calculated according to
At any other moment in time, and given a 0 and b 0 , the optimal technology choices are:
Inserting these optimal technology choices into the LPF, we obtain the following result.
Proposition 2
The aggregate production function takes the form:
The interpretation of the parameters of the aggregate production function is the following:
• the distribution parameter is π 0 =
. Under normalization, the distribution parameter of the LPF π 0 has to be assumed equal to the (constant) capital income share of the aggregate Cobb-Douglas production function,
• partial elasticities of capital and labor in the aggregate production function are proportional to the shape parameters of the Pareto distributions of their respective factor-augmenting technologies and sum up to one (guaranteeing constant returns to scale),
• the multiplicative constant term is Y 0 . Thanks to normalization, it is thus exactly equal to the multiplicative constant term of the LPF,
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• the capital-and labor-augmenting parameters of the technology menu, λ b and λ a respectively, enter the aggregate production function multiplicatively, taken to their respective powers β and α. Growth in aggregate output is thus invariant to the direction of R&D.
Direction of technical change
The Cobb-Douglas case provides very specific implications for the direction of technical change. To see them, log-differentiate equations (17)- (19) with respect to time and compare terms to obtain:
The bottom line is that in the Cobb-Douglas case, no matter what is the direction of R&D, i.e., irrespective of the values ofλ a andλ b , firms will always adjust the labor-augmenting technology on one-to-one basis to changes in output per worker y, and capital-augmenting technology will be, accordingly, always adjusted one-toone to changes in output per unit of capital y/k. Hence, as shown by Jones (2005) , technological change must be purely labor-augmenting along the balanced growth path, where the output-capital ratio y/k is constant.
In the Cobb-Douglas case, by assumption the capital income share is fixed at π 0 = β α+β , and the labor income share is fixed at 1 − π 0 = α α+β for all times t.
The Weibull distribution in R&D productivity
After having discussed the key properties of the dynamic growth model where the aggregate production function is derived as a convex hull of local production techniques, with UFPs selected from the given technology menu, let us finally justify the functional form of this menu, taken for granted in Assumption 2. This will be done using a simple model of two independent R&D sectors, producing capital-and labor-augmenting innovations, respectively, with a few unique features. The model is summarized in the two following assumptions.
Assumption 6
The (capital-or labor-augmenting) R&D sector consists of an infinity of researchers located along the unit interval I = [0, 1]. At each moment in time t, every researcher i ∈ I determines the quality of her innovation (b i orã i , respectively) as the minimum of n independent draws from the elementary idea distribution with cdf F. The distribution F has positive density on [w, v), where v can be infinite, and zero density otherwise, and satisfies the condition
for all x > 0 and a certain α > 0.
The parameter n captures the number of constituent components of any given (composite) idea, and thus captures the complexity of any state-of-the-art technology. Allowing for such complexity puts the current framework in stark contrast to earlier studies (such as Jones, 2005 , or Growiec, 2008a ) where the quality of ideas was determined via a single draw from the elementary idea distribution F.
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The assumption that the quality of an innovation is the minimum of a range of n independent draws from the same distribution reflects the view that these components are complementary to one another (Kremer, 1993; Blanchard and Kremer, 1997; Jones, 2011) . Furthermore, by taking the minimum (or a Leontief function) of the components, we consider the extreme case where these components are perfectly complementary, and thus total productivity of a complex idea is determined by the productivity of its "weakest link" (or "bottleneck"). Clearly, this need not hold precisely in reality, since certain deficiencies of design can often be covered by advantages in different respects. However, the example of the explosion of the space shuttle Challenger due to a failure of an inexpensive O-ring, put forward by Kremer (1993) , is perhaps the best possible illustration of the complementary character of components of complex ideas.
Letting the technology complexity n be arbitrarily large, we obtain the following result:
Proposition 3 As n → ∞, the minimum of n independent random draws from the distribution with cdf F, after appropriate normalization, converges in distribution to the Weibull distribution with shape parameter α:
where w = inf{x ∈ R : F(x) > 0}, p n = , we obtain the necessary and sufficient conditions guaranteeing for the complementarity mechanism to work.
From the mathematical point of view, the parameter λ is superfluous in the above derivations and can be normalized to unity by a simple re-normalization of the sequence p n asp n = p n · λ = F −1 1 n − w. We think however that it is important to 17 Jones (2005) viewed the technology menu as a convex hull of a finite number N of ideas. Hence, in the limit N → ∞, this menu took the form of a contour line of a Fréchet distribution, which is the limiting distribution of the maximum of N independent draws from a distribution F that is bounded from below. This assumption has been later replaced, both in Growiec (2008a) and in the current paper, with Assumption 7. At this point, one should note that Jones (2005) was preoccupied with the distribution of the maximum across ideas and here we are considering the minimum across components of each idea. Across ideas, it is still the best draws that matter.
maintain the distinction between p n and λ in order to maintain the ability of the R&D sector in the model to influence the means of capital-and labor-augmenting ideas. And it is precisely λ which pins down the mean of the resultant Weibull distribution.
Hence, when turning to our distinction between capital-and labor-augmenting R&D, we shall distinguish between λ a determining the mean ofã, and λ b pinning down the mean ofb, obtaining the following generic results:
where Γ(x) = ∞ 0 t x−1 e −t dt is the Euler's Gamma function. A few meaningful applications of Proposition 3 have been summarized in Table 1 . Thy indicate that the Weibull result can be obtained for a number of classes of distributions frequently discussed in the literature. They also provide a clear explanation how to relate λ to the characteristics of the underlying productivity distribution, and what value of parameter α (and thus elasticity of substitution of the aggregate production function) one should expect -extreme value theory provides sharp implications on that.
The bottom line of results presented in Table 1 is that we can model directed R&D, affecting the mean of the underlying distribution F and thus λ, in an arbitrary way; if only the conditions specified in Assumption 6 hold, then the Weibull distribution of UFPs as well as the aggregate normalized CES production function result will always go through.
Furthermore, if the implied α = 1, as it often follows in the above derivations, then Eã = λ a and Eb = λ b , making the link between the underlying distribution F and the resultant Weibull distribution (which in such case specializes to an exponential distribution) especially apparent. One should also note the following corollary.
Corollary 2 If the underlying idea distributions F are Pareto, uniform or truncated Gaussian, then α = 1 and thus the resultant idea distribution is exponential. In such case, the elasticity of substitution of the aggregate CES production function is equal to σ =
, 1 , increasing from 1 2 in the case of Leontief LPFs to unity in the limiting case of Cobb-Douglas LPFs. 
Lower bound Postulated p n Implied λ Implied α Pareto(φ)
Weibull(α, λ)
Notes: (i) to obtain convergence to the Weibull distribution, one may equivalently take p n = 1 n in the Pareto case, and
in the Weibull case; (ii) we used the notation
The mean of a random variable drawn from the truncated Gaussian distribution increases both with the mean of the original distribution µ and the truncation point w, according to the formula EX = µ + σϕ(
We have chosen technological change in λ to affect µ, but we may have alternatively chosen it to affect w, or some mixture of both.
Please also note that a number of frequently considered classes of distributions have not been included in Table 1 , because they do not satisfy the conditions of the theorem. First of all, the support of the distribution must be bounded from below, which rules out distributions such as the Gaussian. Also, the pdf of such distribution cannot increase smoothly from zero at w; there must be a jump. This rules a few likely candidate distributions such as the lognormal or the Fréchet. Furthermore, the lowest possible value of the random variable cannot be an isolated atom, which rules out all discrete distributions such as the two-point distribution, the binomial, negative binomial, Poisson, etc.
Let us now finally show how the individual draws of (complex, factor-augmenting) technologiesã andb are combined, yielding the functional form of the technology menu postulated in Assumption 2.
Assumption 7 Every capital-and labor-augmenting technology draw is allowed to enter the technology menu if it has been confirmed by at least a pre-defined fraction of researchers in I (z b and z a , respectively).
Given the above assumption and the Law of Large Numbers, a labor-augmenting technology a can be included in the technology menu at time t if P (ã > a) ≥ z a , and a capital-augmenting technology b, if P (b > b) ≥ z b . Since both R&D sectors are independent from one another, an aggregate technology (a, b) is thus included in the technology menu if P (ã > a,b > b) = P (ã > a)P (b > b) ≥ z a z b ≡ e −N . Since no profit-maximizing firm will choose a dominated technology, we may as well replace the above "≥" inequality with equality in the formulation of the technology menu. This brings us directly to Assumption 2.
Conclusion
The objective of the current paper has been to provide an idea-based microfoundation for a few selected shapes of aggregate production functions, commonly discussed in the literature. To this end, we have shown that the normalized CES production function can be derived as a convex hull of local production techniques under the assumption that labor-and capital-augmenting ideas are independently Weibull-distributed. All parameters of the aggregate production function then have a sound interpretation in terms of the parameters of local production techniques and the underlying unit factor productivity distributions. Normalization can be maintained simultaneously at the local and at the aggregate level. Importantly, the elasticity of substitution in the aggregate production function is unambiguously higher than in local production techniques, signifying that if the production function is viewed as an assembly of heterogenous technologies, technological substitution can effectively augment factor substitution.
Embedding our (static) technology choice framework in a dynamic growth model, we also provide a number of theoretical predictions regarding the endogenously determined direction of technical change (be it labor-or capital-augmenting, or both). Marked differences are found here between the normalized CES case and the CobbDouglas case, discussed by Jones (2005) : the former can allow for any direction of factor-augmenting technical change over the long run, roughly following the direction of R&D -provided that such a direction of R&D can be sustained in the model (cf. Acemoglu, 2003) ; the latter implies that technical change will be always purely laboraugmenting over the long run (i.e., along a balanced growth path), regardless of the underlying direction of R&D.
Finally, the current paper has also provided a theoretical argument why the Weibull should be a good candidate distribution for real-world unit factor productivities. The argument is based on the assumption that ideas (technologies, production techniques) are not simple, as it was implicit in earlier literature, but inherently complex, consisting of a large number of complementary components. Under such circumstances, total efficiency of a technology should be closely following the efficiency of its "weakest link". The Weibull distribution is, in turn, an extreme value distribution pertaining to the minimum of a sequence of random draws from the same distribution which is bounded from below. It should be therefore a good benchmark for productivity distributions, provided that technologies are sufficiently complex.
Hence, in sum, we have shown that if technologies consist of a wide range of complementary components, and they are then optimally chosen by firms, then the aggregate production function should be CES.
A few related issues may be studied in further research. It would be worthwhile, for example, to investigate the real-world productivity distributions, attempting to discriminate econometrically between the Weibull specification and the celebrated Pareto one (or perhaps some further distributions, too). It could also be interesting to see the consequences of allowing for dependence between the marginal Weibull distributions.
